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Shortly after the determination of the first protein x-ray crystal structures, researchers analyzed
their cores and reported packing fractions φ ≈ 0.75, a value that is similar to close packing equal-
sized spheres. A limitation of these analyses was the use of ‘extended atom’ models, rather than
the more physically accurate ‘explicit hydrogen’ model. The validity of using the explicit hydrogen
model is proved by its ability to predict the side chain dihedral angle distributions observed in
proteins. We employ the explicit hydrogen model to calculate the packing fraction of the cores of
over 200 high resolution protein structures. We find that these protein cores have φ ≈ 0.55, which
is comparable to random close-packing of non-spherical particles. This result provides a deeper
understanding of the physical basis of protein structure that will enable predictions of the effects of
amino acid mutations and design of new functional proteins.
PACS numbers: 87.15.A-, 87.14.E-, 87.15.B-
It is generally accepted that hydrophobic cores of pro-
teins are tightly packed. In fact, many biology textbooks
state that the packing fraction of protein cores is sim-
ilar to that of densely packed equal-sized spheres with
φ = 0.74 [1]. Using a more accurate stereochemical rep-
resentation, we show that the packing fraction of pro-
tein hydrophobic cores is φ ≈ 0.55 (Fig. 1 (a) top left),
which is similar to values for random close packing of
non-spherical particles [2, 3], not close packing of equal-
sized spheres (Fig. 1 (a) bottom right).
The most influential study of packing in protein cores
was performed by Richards in 1974 [4]. He used Voronoi
tessellation to calculate the packing fraction in the hy-
drophobic cores of two of the few proteins whose crystal
structures had been determined at that time - lysozyme
and ribonuclease S. He reported that the mean packing
fraction of the two protein cores is φ0 ≈ 0.75. More re-
cent studies have obtained similar values for the packing
fraction using larger data sets of protein cores [5–8]. We
believe that the reason these prior studies have calculated
such high values for the packing fraction of protein cores
is that they use an ‘extended atom’ representation of the
heavy atoms. In this representation, hydrogen atoms are
not included explicitly, rather the atomic radius of each
heavy atom is increased by an amount proportional to the
number of hydrogens that are bonded to it. An extended
atom representation is often employed in computational
studies of proteins because it significantly decreases the
calculational complexity. In Fig. 1 (b), we compare the
extended atom representation of a Leu residue to one
that includes hydrogen atoms explicitly. It is clear that
the extended atom and explicit hydrogen representations
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FIG. 1: (a) Visualization of core residues for a typical protein
(Carboxyl Proteinase) in the Dunbrack database of crystal
structures using explicit hydrogen (top left, φ ≈ 0.55) and
extended atom (top right, φ ≈ 0.72) models compared to
random close (bottom left, φRCP ≈ 0.64) and face centered
cubic packed (bottom right, φFCC ≈ 0.74) systems with equal-
sized spheres. (b) Leu residue with each atom represented as
a sphere using the explicit hydrogen (top) and extended atom
(bottom) models. The atom types are shaded green (carbon),
red (oxygen), blue (nitrogen), and gray (hydrogen).
of Leu possess different sizes and shapes.
In a 1987 paper on protein core re-packing, Ponder and
Richards [8] stated that “...the use of extended atoms was
not satisfactory. In order for the packing criteria to be
used effectively, hydrogen atoms had to be explicitly in-
cluded...” Ponder and Richards argued that the extended
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FIG. 2: (left) The observed side chain dihedral angle probability distribution P (χ1, χ2) for Ile residues in the Dunbrack database
of protein crystal structures. We also show P (χ1, χ2) predicted by the hard-sphere dipeptide mimetic model for Ile using the
(center) explicit hydrogen and (right) extended atom representations. For the extended atom model, we used the atomic
radii in the original work by Richards [4]. The probabilities increase from light to dark. The percentages give the fractional
probabilities that occur in each of the nine square bins.
atom model did not provide a sufficiently accurate repre-
sentation of the stereochemistry of amino acids. In this
manuscript, we examine the packing fraction of the hy-
drophobic cores of a large number of proteins using the
explicit hydrogen representation, as Ponder and Richards
[8] and others [9] advocate. We find that the average
packing fraction of protein cores is φ ≈ 0.55. We ob-
tain similar results from hard-sphere models of mixtures
of residues that are isotropically compressed to jamming
onset. Knowing the correct packing fraction of protein
cores is important because one needs to know the natu-
rally occurring value to assess the effects of amino acid
mutations, or to design new proteins. Strong support for
the validity of the explicit hydrogen representation is that
this model is able to reproduce the observed side chain
dihedral angle distributions of residues in protein cores,
whereas the extended atom representation does not.
To calculate the packing fraction of protein cores, we
use the ‘Dunbrack database’ of high resolution protein
crystal structures, which is composed of 221 proteins with
resolution ≤ 1.0 A˚, side chain B-factors per residue ≤ 30
A˚2, and R-factor ≤ 0.2 [10, 11]. In prior studies, we
showed that hard-sphere models of dipeptide mimetics
with explicit hydrogens can recapitulate the side chain
dihedral angle distributions observed in protein crystal
structures [12–16].
For the hard-sphere model, each atom i in a dipeptide
mimetic is treated as a sphere that interacts pairwise with
all other non-bonded atoms j via
URLJ(rij) =

72
[
1−
(
σij
rij
)6]2
Θ(σij − rij), (1)
where rij is the center-to-center separation between
atoms i and j, Θ(σij − rij) is the Heaviside step func-
tion,  is the energy scale of the repulsive interactions,
σij = (σi + σj)/2, and σi/2 is the radius of atom i. A
dipeptide mimetic is a single amino acid plus the Cα,
C, and O of the prior amino acid and the N , H, and
Cα of the next amino acid. Bond lengths and angles are
set to those in the Dunbrack database. Hydrogen atoms
were added using the REDUCE software program [9],
which sets the bond lengths for C-H, N -H, and S-H to
1.1, 1.0 and 1.3 A˚, respectively, and the bond angles to
109.5◦ and 120◦ for angles involving Csp2 and Csp3 atoms.
Additional dihedral angle degrees of freedom involving
hydrogens are chosen to minimize steric clashes [9].
Predictions for the side chain dihedral angle distribu-
tions of a given dipeptide mimetic are obtained by rotat-
ing each of the side chain dihedral angles χ1, . . . , χn and
evaluating the total potential energy U(χ1, . . . , χn) =∑
i<j URLJ(rij) and Boltzmann weight
P (χ1, . . . , χn) ∝ e−U(χ1,...,χn)/kBT . (2)
We then average the Boltzmann weight over
all dipeptide mimetic and normalize such that∫
P (χ1, . . . , χn)dχ1, . . . , dχn = 1. We set the tem-
perature kBT < 10
−2 to be sufficiently small that we
are in the hard-sphere limit and P (χ1, . . . , χn) no longer
depends on temperature. The values for the six atomic
radii (Csp3 , Caromatic: 1.5 A˚; CO: 1.3 A˚; O: 1.4 A˚;
N : 1.3 A˚; H: 1.10 A˚; and S: 1.75 A˚) were obtained
by minimizing the difference between the side chain
dihedral angle distributions predicted by the hard-sphere
dipeptide mimetic model and those observed in protein
crystal structures for a small subset of amino acid
types. The atomic radii are similar to values of van der
Waals radii reported in earlier studies [15, 17–23]. (See
Supplemental Material.)
The packing fraction of each residue was calculated
using
φ =
∑
Vi∑
Vvi
, (3)
where Vi is the ‘non-overlapping’ volume of atom i, V
v
i is
the Voronoi volume of atom i, and the summation is over
all atoms of a particular residue. The non-overlapping
volume of each atom is obtained by dividing overlapping
atoms i and k by the plane of intersection between the
3two spheres. Vvi for each atom was found using a vari-
ation of the Voro++ software library [24]. Voronoi cells
were obtained for each atom using Laguerre tessellation,
where the placement of the Voronoi cell walls is based
on the relative radii of neighboring atoms (which is the
same as the location of the plane that separates overlap-
ping atoms).
We define core residues as those that are neither on the
protein surface nor on the surface of an interior void. We
identify surface and void atoms as those with empty space
next to them. Points were found that were greater than
1.4 A˚ (approximately the radius of a water molecule)
from the surface of all atoms in the protein using Monte
Carlo sampling. The closest atom to each of these points
was designated as a surface atom. For a residue to be
considered a core residue, it must not contain any sur-
face atoms. According to this definition and using the
explicit hydrogen representation, proteins in the Dun-
brack database had an average of 15 core residues. Ala,
Cys, Gly, Ile, Leu, Met, Phe, and Val residues make up
over 80% of the protein cores. However in our calcula-
tions of the packing fraction of protein crystal structures
we included all amino acid types.
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FIG. 3: (color online) A comparison of the packing fraction φ
of the cores of proteins in the Dunbrack database as a function
of the number of core residues NR using the explicit hydro-
gen (blue circles) and extended atom (red squares) represen-
tations. More residues are designated as core using the extend
atom model (25 on average) than using the explicit hydrogen
model (15 on average). The solid and dashed horizontal lines
indicate 〈φ〉EH ≈ 0.55 and 〈φ〉EA ≈ 0.71.
We also performed similar packing analyses using the
extended atom representation with the same atom types
and radii used by Richards (N : 1.7 A˚, O: 1.4 A˚, O(H):
1.6 A˚, C: 2.0 A˚, and S: 1.8 A˚) with the exception of C for
the ring systems (Phe, Tyr, Trp, Arg, and His) which was
set to 1.7 A˚ [4]. For both explicit hydrogen and extended
atom representations, we calculated φ for the core of a
given protein using Eq. 3 with the summation over all
atoms of all residues in the core. We also calculated the
packing fraction for each residue in the core with the
summation over all atoms in the residue.
In Fig. 2, we compare the observed side chain dihe-
dral angle distributions for Ile residues in the Dunbrack
database and the predicted distributions from the hard-
sphere dipeptide mimetic model using the explicit hydro-
gen and extended atom representations. The observed
distribution for Ile (Fig. 2 (left)) possesses one strong
peak at χ1 = 300
◦, χ2 = 180◦ and three minor peaks
at χ1 = 300
◦, χ2 = 300◦, χ1 = 60◦, χ2 = 180◦, and
χ1 = 180
◦, χ2 = 180◦. The side chain dihedral angle dis-
tribution for Ile predicted using the hard-sphere dipep-
tide mimetic model with the explicit hydrogen represen-
tation reproduces each of these features (Fig. 2 (center)).
In contrast, the high probability regions of χ1-χ2 space
for the extended atom representation of the Ile dipeptide
mimetic occur near χ1 = 60
◦, χ2 = 120◦ and χ1 = 300◦,
χ2 = 120
◦, which have extremely low probability in the
observed distributions. These results (and those shown
in prior work for Val, Leu, Phe, Tyr, Thr, Ser, and Cys
[13]) show that the extended atom model of a dipeptide
mimetic does not reproduce the observed dihedral angle
distribution, whereas the explicit hydrogen model of a
dipeptide mimetic does.
The results for the packing fraction analyses on core
residues in all proteins in the Dunbrack database are
shown in Fig. 3. For the explicit hydrogen representa-
tion, we find that the average packing fraction in pro-
tein cores is 〈φ〉EH ≈ 0.55 ± 0.02 (blue circles), with
fluctuations that are larger in proteins with small cores.
This value is significantly lower than that obtained using
the extended atom representation, 〈φ〉EA ≈ 0.71 ± 0.05
(red squares), which is similar to φ0 ≈ 0.75 reported in
Ref. [4]. (The slight difference between 〈φ〉EA and φ0
is due to the higher resolution of the Dunbrack database
and that Richards averaged the local atomic packing frac-
tions rather than taking the ratio of the total volumes as
in Eq. 3.)
We also performed molecular dynamics simulations
of residues confined within a cubic box (with periodic
boundary conditions) to determine whether 〈φ〉EH ≈
0.55 can be explained by jamming of non-spherical ob-
jects [25]. We studied mixtures of N residues with the
number of Ala, Ile, Leu, Met, Phe, and Val residues cho-
sen from a weighted distribution that matched the per-
centages found in protein cores. (We focused focused on
non-polar residues, but because Gly has no side chain
and Cys can form disulfide bonds, these were not in-
cluded in our analyses.) We initialized the system to a
small packing fraction (φi = 10
−3), set the bond lengths,
bond angles, backbone and side chain dihedral angles of
each residue with values from randomly chosen instances
of the amino acid in the Dunbrack database, and placed
the residues in the simulation box with random initial
positions and orientations.
We then compressed the system while keeping the over-
laps between nonbonded atoms at approximately 10−6 by
minimizing the enthalpy U + PV of the system, where
U is the total repulsive Lennard-Jones potential energy
between non-bonded atoms, P = 10−6/A˚
3
is the pres-
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FIG. 4: The distribution of packing fractions P (φJ) from
molecular dynamics simulations of mixtures of residues found
in protein cores. The distribution (dashed line) was obtained
from more than 200 jammed packings containing N = 24
residues that were generated by isotropically compressing the
system to jamming onset. The distribution of packing frac-
tions from cores of proteins in the Dunbrack database is shown
by the solid line. The inset shows the distribution of packing
fractions for Ala (blue circles), Ile (green crosses), Leu (red di-
amonds), Met (teal triangles), Phe (purple solid line), and Val
(black dotted line) separately from the packing simulations.
sure of the system, and V is the volume of the simula-
tion box. The algorithm minimizes the enthalpy with
respect to the variables ~si = ~ri/V
1/3 and logarithm of
the box volume η ∝ ln(V/V0), where V0 is the initial vol-
ume. Residue conformations were strictly maintained us-
ing rigid body dynamics. We stopped the minimization
algorithm when the system was in force balance, with
the total force on each atom below the threshold value,
maxi
∑
j
∣∣∣~Fij∣∣∣ < 10−12/A˚ and final packing fraction φJ .
Fig. 4 shows that the distribution of packing fractions
P (φJ) from the packing simulations is similar to the dis-
tribution of packing fractions of protein cores from high
resolution protein crystal structures. As an inset, we
also show that the packing fraction distribution for each
residue from the simulations is similar to that for the
whole system. Fig. 4 includes results for N = 24 (∼ 500
atoms), but we found similar results for N = 8 and 16.
These results indicate that the connectivity of the pro-
tein backbone does not provide significant constraints on
the free volume in protein cores.
In summary, we have shown that using the explicit hy-
drogen hard-sphere model for amino acids reproduces the
side chain dihedral angle distributions observed in pro-
tein crystal structures. Moreover, we find that the ex-
plicit hydrogen hard-sphere model gives a packing frac-
tion of 〈φ〉EH ≈ 0.55 for protein cores. This value is
similar to packing fractions for random packings of non-
spherical and elongated particles. This result revises the
prior picture of protein cores as closely packed equal-sized
spheres. We believe that the revised packing fraction will
serve as a target for understanding the physical conse-
quences of amino acid mutations and the design of new
proteins and interfaces.
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